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Introduction:


A linear transformation is an equation that can be written in the form T: Rn -> Rm defined by T(x) = Ax where A is a matrix and x is any vector in Rn(see p. 56, Bretscher).  If a transformation is known to be linear there are certain attributes it is known to possess.  First of all we know that a transformation is linear if and only if  1) T(x + y) = T(x) + T(y) for all vectors x and y in Rn and  2) T(cx)  = cT(x) for all vectors x in Rn and all scalars c(see p. 66, Bretscher).  In other words, linear transformations perform nicely with respect to vector addition and scalar multiplication.  Further, the augmented matrix of a linear transformation can sustain elementary row operations without changing solutions.  This allows useful manipulations.  For these reasons, linear transformations provide for simpler computations and manipulations than transformations of higher order.  Preserving the linearity of a transformation can therefore be valuable.  

Linearity of Transformation Addition


Let T and U be linear transformations defined from Rn to Rm.  If the function (T+U) : Rn to Rm defined as (T+U)(x) = T(x) + U(x) for any x in Rn, were known to be linear we could manipulate it in the above described manner.  


We know that a transformation is linear iff

1) T(x + y) = T(x) + T(y) for all vectors x and y and  

2) T(cx)  = cT(x) for all vectors x and all scalars c

Proof:


Part 1)



Let  x and y be any vectors in Rn

 

(T+U)(x+y) = T(x+y) + U(x+y)



given



T(x+y) + U(x+y) = (T(x) + T(y)) + (U(x) + U(y))

T & U are 









  linear



(T(x) + U(x)) + (T(y) + U(y)) = (T+U)(x) + (T+U)(y)
given



thus (T+U)(x+y) = (T+U)(x) + (T+U)(y) for all vectors x and y in Rn

Part 2)



Let x be any vector in Rn and c be any scalar



(T+U)(cx) = T(cx) + U(cx)




given



T(cx) + U(cx) = cT(x) + cU(x)



T & U are 









  linear
 



c(T(x) + U(x)) = c(T+U)(x)




given



thus (T+U)(cx) =  c(T+U)(x) for all vectors x in Rn and all scalars c

Conclusion

Because both parts of the linearity theorem have been satisfied, (T+U) is a linear

transformation.  This means that all the properties that apply to linear transformations also apply to the sum of linear transformations.     

